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Complex solitary waves composed of intersecting vortex lines are predicted in a channeled superfluid.
Their shapes in a cylindrical trap include a cross, spoke wheels, and Greek Φ, and trace the nodal lines of
unstable vibration modes of a planar dark soliton in analogy to Chladni’s figures of membrane vibrations.
The stationary solitary waves extend a family of solutions that include the previously known solitonic
vortex and vortex rings. Their bifurcation points from the dark soliton indicating the onset of new unstable
modes of the snaking instability are predicted from scale separation for Bose-Einstein condensates (BECs)
and superfluid Fermi gases across the BEC–BCS crossover, and confirmed by full numerical calculations.
Chladni solitons could be observed in ultra-cold gas experiments by seeded decay of dark solitons.
PACS numbers: 3.75.Lm,67.85.De,67.85.Lm
Solitons are the hallmark of nonlinear physics. They
are ubiquitous in one-dimensional wave propagation and
appear in diverse systems ranging from carbon nanotubes
[1, 2] and water waves [3] to nonlinear optics [4, 5] and
superfluid atomic gases [6–8]. Experimental signatures of
vortex rings in trapped BECs [9–11] and the recent obser-
vations of solitonic vortices in atomic BECs [12, 13] and a
superfluid Fermi gas [8, 14] highlight the richness of soli-
tary wave motion in waveguide-like geometries beyond the
one-dimensional paradigm. A solitonic vortex consists of
a single vortex line crossing the transverse diameter of an
elongated, trapped condensate [15–17], while the vortex
line forms a closed loop in a vortex ring. In contrast to vor-
tex lines [18] and rings [19] in bulk superfluids, both struc-
tures are heavily influenced by the waveguide trap, leading
to localisation with a well-defined step of the superfluid
phase across the excitation [15, 20, 21] and modified dy-
namical properties [14, 22–26]. The systematic numerical
study of solitary waves in wave-guide-trapped superfluids
has initially been restricted to axisymmetric solitary waves
in BECs at weak nonlinearities [17, 20] and has later in-
cluded the non-axisymmetric solitonic vortex [21]. Here
we seek to close the apparent gap and consider complex
solitary waves with crossing vortex lines and broken axial
symmetry.
Solitary waves probe superfluids at the mesoscopic
length scale of the healing length. The physics at these
length scales is not very well understood for strongly-
correlated superfluids, such as the resonant atomic Fermi
gas across the BEC–BCS crossover [27]. In order to
provide a reference point for further study, we here em-
ploy the recently developed coarse-grained version of the
Bogoliubov-de Gennes equation [28] for the crossover su-
perfluid by Simonucci and Strinati [29] at zero tempera-
ture, which includes the Gross-Pitaevskii equation in the
BEC limit. Previously, the Bogoliubov-de Gennes equa-
tions have been used to describe stationary [30] and mov-
ing dark solitons [31–34], and the snaking instability [35]
in a bulk fermionic superfluid. A variety of other ap-
proaches has also been used to simulate dynamics in the
crossover Fermi superfluid [36–39].
The conceptually simplest solitary wave in a superfluid
with a scalar, complex order parameter is a stationary kink,
or dark soliton, characterised by a node in the order param-
eter and exponential healing to the background fluid [40]
(see also Fig. 1). In two or three dimensions, however, the
kink is unstable towards snaking [41] and its stability can
only be restored by constricting the geometry to a narrow
channel, as e.g. in an elongated atom trap [42]. The ap-
pearance of instability modes is connected with the bifur-
cation of new solitary waves [16]. In this work, we study
the complete family of stationary solitary waves bifurcat-
ing from the dark soliton in a wave-guide trap geometry.
We show that each new solitary wave at the point of bi-
furcation corresponds to a membrane vibration mode with
vortex filaments along its nodal lines. They correspond to
the famous Chladni figures that visualise the nodal lines
of plate vibrations [43]. We thus call the whole family
Chladni solitons. Within a scale-separating approximation
we derive a simple formula [Eq. (10)] for the bifurcation
points in a cylindrically trapped gas in terms of two integer
quantum numbers p and l, describing the number of vor-
tex rings and radially extending vortex lines, respectively.
These results are corroborated by full numerical solutions
of the Gross-Pitaevskii equation. We suggest strategies for
observing higher order Chladni solitons through the decay
of dark solitons.
Nonlinear Schro¨dinger model for the BEC–BCS
crossover – In the approach of Simonucci and Strinati [29],
the superfluid order parameter ∆(r) at zero temperature
is determined as the self-consistent solution of a nonlinear
Schro¨dinger equation, which we write as[
− ~
2
4m
∇2 + f(µloc(r), |∆(r)|)
]
∆(r) = 0, (1)
wherem is the fermion mass and the local chemical poten-
tial µloc(r) = µ−V (r) combines the chemical potential µ
and the trapping potential V (r). The function f provides
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2the nonlinearity and can be written as
f(µ, |∆|) = −4µ+ 4|∆|I5
I6
− pi~
√|∆|√
2maF I6
, (2)
where aF is the s-wave scattering length of fermions. The
functions I5(x0) and I6(x0) are expressed by elliptic in-
tegrals and evaluated with the argument x0 = µ/|∆(r)|
[44]. Equation (1) approximates the Bogoliubov-de
Gennes equation [28, 45]. For homogeneous order param-
eter ∆0 > 0, the resulting equation f(µ,∆0) = 0 to-
gether with the accompanying equation for the density [29]
is equivalent to standard BCS theory for the crossover su-
perfluid [45–47]. In the BEC limit aF → 0+, Eq. (1)
reduces to the Gross-Pitaevskii equation [48].
We now proceed to solve Eq. (1) for solitary waves by
separation of scales, where the characteristic length scale
for the solitary waves ξ is assumed much smaller than
the length scale of order parameter variation due to the
presence of the trapping potential V (r), on which spatial
derivatives can be neglected. This will allow us to under-
stand the solitary waves as excitations on top of a back-
ground order parameter ∆0(r). The latter is obtained us-
ing the Thomas Fermi approximation f(µloc,∆0) = 0,
which results from Eq. (1) by neglecting the spatial deriva-
tive term. We introduce the length scale ξ(r) locally, which
we expect to be relevant for the solitary waves, by
~2
4mξ2(r)
= µBloc(r) ≡ 2µloc(r) + σ
~2
ma2F
, (3)
where µBloc(r) is a local bosonic chemical potential and
σ = 1 for aF > 0 and σ = 0 otherwise. Rescaling Eq.
(1) with this length scale, normalising the order parameter
ψ(r˜) = ∆(r˜ξ)/∆0(r˜ξ) and ignoring spatial derivatives of
the slowly-varying ξ(r) consistent with the Thomas Fermi
approximation, we obtain
−1
2
∇˜2ψ − ψ + g(|ψ|2)ψ = 0, (4)
where g(|ψ|2) = 1 + f(µloc,∆0|ψ|)/2µBloc. In units
of the background fermion density n0 with the Fermi
wavenumber kF = (3pi2n0)1/3 and the Fermi energy
EF = ~2k2F/(2m) [49], the function g can be expressed
with µ˜ = µ/EF and the coupling strength η = 1/(kFaF )
as
g(|ψ|2) =
ση2 + µ˜ I5
x0I6
− ηpi
√
µ˜
4
√
x0I6
µ˜+ ση2
, (5)
where I5 and I6 are evaluated at x0 = x
bg
0 /|ψ| and
xbg0 = µloc/∆0 is the background value [44]. The dimen-
sionless function g defines a generalised nonlinearity in the
nonlinear Schro¨dinger equation (4). It weakly depends on
position through dependence of η on the background den-
sity except in the BEC limit and at unitarity, where it is po-
sition independent. While the BEC limit η → +∞ [where
g(|ψ|2) → (1 + |ψ|2)/2] recovers the cubic nonlinear
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FIG. 1. Superfluid order parameter ψ0(z/ξ) of kink solutions
of Eq. (4) in the BEC–BCS crossover for different values of the
coupling constant η = 1/kF aF , where the axial coordinate z is
measured in units of the healing length ξ = ~/
√
4mµB . The
inset shows the (bound) ground state eigenvalue λ of Eq. (6),
which modulates the energy available for the excitation of trans-
verse modes. The dotted line indicates the change of sign of the
chemical potential.
Schro¨dinger equation, the function g simplifies at unitar-
ity (η = 0) to g(|ψ|2) = I5/(x0I6), where x0 = xu0/|ψ|
and xu0 ≈ 0.8604 is the background value at unitarity.
Kink solution and its bifurcations – The nonlinear
Schro¨dinger equation (4) supports a real kink solution
ψ0(r˜) that depends on z˜ only with a single node at z˜ = 0
and boundary condition ψ0 → ±1 as z˜ → ±∞, respec-
tively, as shown in Fig. 1. Bifurcations of symmetry break-
ing solutions are found by using the ansatz ψ = ψ0 + iδψ
and linearising Eq. (4) for a completely imaginary pertur-
bation iδψ. Due to the symmetry of the original kink solu-
tion ψ0, the perturbation can further be separated with the
product ansatz δψ = χ(x˜ξ, y˜ξ)u(z˜). For u this yields the
eigenvalue equation[
−1
2
∂z˜z˜ − 1 + g(|ψ0(z˜)|2)
]
u = λu. (6)
This Schro¨dinger equation with localised potential well has
a one-node solution u = ψ0, which corresponds to the
Goldstone mode of phase symmetry with λ = 0. More
relevant for bifurcating solitary waves, Eq. (6) has a node-
less and localised solution with eigenvalue λ < 0. In
the BEC limit, 1 − g(|ψ0|2) = sech2(z˜/
√
2)/2 is a
Rosen-Morse potential with analytically known solution
u = sech(z˜/
√
2) and eigenvalue λ = −1/4 [50]. For
finite values of the coupling constant η, λ can be deter-
mined numerically and is shown in the inset of Fig. 1. At
unitarity, we obtain λ = −0.24.
For the transverse wave function χ we obtain by restor-
ing the unscaled coordinates the wave equation[
−ξ
2
2
∇2⊥ + λ
]
χ = 0. (7)
3-2 -1 0 1 2
1/ kF aF
0
2
4
6
8
10
r0
RPAkF
r0
TIMEkF
ξ kF
r0 kF
FIG. 2. Length scale r0 (full line) of the snaking instability
given by Eq. (8) and healing length ξ of Eq. (3) (dashed line)
as functions of the interaction parameter 1/kF aF of the BEC–
BCS crossover. For comparison, the results from time-dependent
Bogoliubov-de Gennes simulations and RPA of Ref. [35] are
shown.
In the absence of a trapping potential, ξ is constant. The
real-valued solutions are readily found as standing waves
with nodal lines separated by a distance
r0 =
pi√−2λξ, (8)
which is the minimum length scale of the snaking insta-
bility [16]. In Fig. 2 the value of r0 is compared with the
numerical results of Ref. [35], which suffered inaccuracies
due to numerical limitations for grid size and cutoff param-
eters.
In the presence of a trapping potential, the influence of
the snaking instability can be made explicit in rewriting Eq.
(7) as {
− ~
2
4m
∇2⊥ − λ
[
4V (r)− 2µB]}χ = 0. (9)
This is a two-dimensional Schro¨dinger equation with a
scaled external potential and prescribed eigenvalue. For
the case of harmonic isotropic trapping with V (r) =
1
2
mω2⊥(x
2+y2) we obtain the condition for the bifurcation
points
µB
~ω⊥
=
2p+ l + 1√−2λ , (10)
where p and l are the radial and azimuthal quantum num-
bers of the cylindrical harmonic oscillator eigenfunctions
| p, l〉 ∝ exp(−r2⊥/2a2⊥)rl⊥Llp(r2⊥/a2⊥) cos(lθ), and Llp
are the associated Laguerre polynomials in r2⊥ = x
2 + y2,
with the characteristic oscillator length a⊥ =
√
~/mω⊥.
The condition (10) together with the harmonic oscillator
eigenfunctions defines the bifurcation points as well as the
shape, symmetry, and degeneracy of the corresponding bi-
furcating vortex solutions.
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FIG. 3. Bifurcation points for the emergence of Chladni soli-
tons with quantum numbers (p, l) from the planar kink in a cylin-
drically confined BEC. Numerical data (labeled open symbols)
obtained from solving the Gross-Pitaevskii equation are com-
pared with the analytical prediction (dashed line) of Eq. (10) with
λ = − 14 . The insets display 3D density isocontours of dark soli-
ton states at 5% of maximum density in the weak (upper left) and
strong (lower right) nonlinearity regimes.
Numerical data for the bifurcation points in the BEC
limit are shown in Fig. 3. The agreement with Eq. (10)
is surprisingly good even for small quantum numbers. The
first bifurcation point corresponds to a single straight nodal
line (p = 0, l = 1) and leads to the solitonic vortex (SV),
shown in the central inset of Fig. 4. It marks the onset of
the snaking instability for the kink. Its accurate numeri-
cal value of µB/~ω⊥ = 2.65 is very close to the value
2
√
2 ≈ 2.82 of Eq. (10) and consistent with Ref. [17].
The next bifurcation point comes from the degenerate so-
lutions (1, 0) and (0, 2), corresponding to a single vor-
tex ring (VR) originating from a radial node and to two
crossed solitonic vortices (2SV) originating from two az-
imuthal nodes, respectively. Our numerical results resolve
the degeneracy breaking between the VR (µB/~ω⊥ = 3.9)
and 2SV (4.1) bifurcation points (see Fig. 3) that cannot be
captured by our analytical model (3
√
2 ≈ 4.2). Similar
degeneracy breaking occurs for higher quantum numbers
(p, l). Overall, the agreement with the analytic result of Eq.
(10) improves for higher quantum numbers corresponding
to larger µ. This is expected since the underlying approx-
imation – scale separation between Thomas Fermi radius
and healing length – is increasingly satisfied.
In the more general case of an anisotropic transverse
trapping potential V (r) = 1
2
m(ω2xx
2 + ω2yy
2) the bi-
4VR 2SV
3SV 2VR 5SV
SV
(1,0) (0,2) (1,1)
(0,1)
(0,3) (2,0) (0,5)
FIG. 4. Free excitation energy Fpl of stationary solitary waves vs.
chemical potential in a cylindrically trapped BEC (central panel).
The full (red) line corresponds to the dark soliton [see insets in
Fig. (3)] and lines with symbols correspond to Chladni solitons
(p, l) originated from the bifurcation points of Fig. 3. Units of the
transverse harmonic trap and axial density n1 are used as shown.
The insets show density isocontours at 5% of maximum density
for the different Chladni solitons with µB = 10~ω⊥.
furcation condition (10) is modified to read µB
√−2λ =
(nx+
1
2
)~ωx+(ny+ 12)~ωy. The corresponding harmonic
oscillator eigenfunctions are given by the well known Her-
mite functions and thus the symmetry of the correspond-
ing Chladni solitons changes. For small anisotropies, we
expect a continuous transition from Laguerre to Hermite
shapes as is shown by Ince polynomials [51].
Chladni solitons – We have numerically determined the
solitary wave solutions originating from the bifurcation
points of Fig. 3 up to µB = 10~ω⊥ using a Newton-
Raphson scheme for the Gross-Pitaevskii equation. The
results are summarised in Fig. 4, where the free excitation
energies Fpl = Epl−µBNpl−(E0−µBN0) are measured
relative to the ground state φ0 of Eq. (11) [52]. For every
tuple of quantum numbers (p, l) we obtain solitary wave
solutions with symmetry and degeneracy consistent with
the solutions of Eq. (9), which is maintained for µB above
the bifurcation point. I.e. Chladni solitons involving vortex
rings have a discrete 2-fold degeneracy while all solitons
involving radial vortex lines have a continuous degeneracy
corresponding to azimuthal rotation.
In addition to the previously known dark soliton (kink),
solitonic vortex (0, 1), and vortex ring (2, 0), more com-
plex Chladni solitons comprise spoke wheels (0, l) con-
sisting of l > 1 intersecting radial vortex lines, mul-
tiple nested vortex rings (p, 0) and the Φ-type soliton
(1, 1), which is the simplest soliton with intersecting vor-
tex ring(s) and radial line(s). Note that Chladni solitons
originating from near-degenerate bifurcation points, e.g.
the 2SV cross (0, 2) and vortex ring (1, 0) are almost de-
generate also for larger µB and their small energy differ-
ence is not resolved at the scale of Fig. 4. The same is true
for the higher near-degenerate branches.
Our numerical simulations indicate that Chladni solitons
with intersecting vortex lines could be observed in cigar-
shaped BECs. Although the solitonic vortex (0, 1) is the
only dynamically stable Chladni soliton for µB beyond the
first bifurcation point of Eq. (10), the expected lifetimes
of the 2p + l > 1 Chladni solitons are comparable to
those of the already observed vortex rings. Detailed sta-
bility studies will be published elsewhere [53]. Complex
Chladni solitons can be prepared in an atomic BEC by ap-
propriately seeding the snaking instability of a dark soliton.
For this purpose, the previously determined wave function
ψ = ψ0 + iδψ at the bifurcation point, should be an ex-
cellent initial configuration, since the infinitesimal part δψ
develops into a dynamically unstable mode leading to the
desired complex soliton for µB larger than the critical value
at bifurcation [16]. As a first step we propose to prepare a
zero velocity dark-bright soliton in a two-component BEC
[54] as in Refs. [9, 55], where the nodal plane of a kink in
component |1〉 is filled with a phase-coherent atomic BEC
of a second hyperfine component |2〉. In a second step, the
bright component |2〉 (or a small part of it) is transferred to
state |1〉 with the appropriate phase pattern of the solution
δψ = χu of Eqs. (6) and (9), shifted by pi
2
compared to
the kink solution. This could be realised following [56] by
transferring the phase pattern of a focused axial Laguerre-
Gaussian laser beam using a two-photon Raman transition.
Finally, any remaining |2〉 atoms are removed [9].
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